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ABSTRACT 
 
The aim of this research to investigate the effect of incomplete mixing upon the 
existence of periodic solutions. To this end we study the behaviour of the Belousov-
Zhabotinskii (B-Z) reaction in a batch reactor. The B-Z reaction is a well studied 
chemical system that exhibits periodic behaviour. Furthermore, simplified mathematical 
models exist which have been validated both against experimental data and larger 
chemical mechanisms. Specifically, we study the `Oregonator' model for the B-Z 
reaction due to Field and Noyes (1974). This consists of five ch mical reactions 
involving three independent chemical intermediates. We extend this model by 
combining it with a two parameter incomplete mixing model to investigate the effect of 
incomplete mixing upon the existence of periodic solutions. 
In the incomplete mixing model the batch reactor is split into two compartments: a 
larger and a smaller compartment; the latter representing a stagnant region. The 
incomplete mixing parameters are the size of the stagnant region (ε ) and a parameter 
controlling the degree of mixing between the regions (δ ). In the limit that delta 
approaches zero epsilon becomes a dead volume in the reactor. Perfect mixing 
corresponds to the limit in which delta approaches infinity.  
We investigate how the periodicity of the B-Z reaction depends upon the degree of 
mixing in the reactor and the size of the stagnant compart ent.  
 
INTRODUCTION 
 
History of model.  
 
The Belousov-Zhabotinskii (B-Z) reaction is the catalyzed oxidation of an organic 
species, typically malonic acid or bromomalonic acid, in the presence of an acid by 
bromate ions in the presence of a transition metal ion (Tyson, 1994, p. 569). The classic 
B-Z system is the oxidation of malonic acid by bromate in the presence of cerium ions. 
When this reaction is carried out in a batch reactor it exhibits striking oscillations in 
colour from red to blue. Although these oscillations eventually die out, they last for 
some considerable time. The B-Z reaction was first observed in the 1950s by the 
Russian chemist B.P. Belousov. It became known in the west through the work of 
Zhabotinsky in the 1960s (Winfree, 1984).  
 
 
In a well-stirred flow reactor the B-Z reaction exhibits a variety of interesting behaviour 
including periodic oscillations, multiple steady states, multiply periodic oscillations, 
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complex mixed-mode oscillations and chaos. In other experimental configurations it 
exhibits spatially propagating waves. It is the best studied chemical oscillator for the 
understanding of oscillation mechanism, chemical waves, complex oscillations and 
deterministic chaos (Field & Burger, 1985; Gray & Scott, 1994).  Much of this diverse 
range of nonlinear behaviour can be explained by a simple chemi al mechanism.  
 
Mixing Model 
 
Tanner et al. (1985, 1987) and Robinson et al (1988) introduced a two-parameter model 
to investigate the effect of incomplete mixing in a batch reactor. In this model the 
reactor is split into two compartments: one representing a highly agitated region and one 
representing a less agitated region. The agitated region and the stagnant region are both 
modelled as separate well mixed reactors with mass transfer between the two regions.  
We apply this model to the B-Z reaction. 
 
 
MODEL EQUATIONS 
 
In this section we detail the chemical reactions, and provide the model equations for the 
cases of perfect mixing and imperfect mixing.  
 
Chemical model 
 
A detailed chemical mechanism of the B-Z reaction contains some 80 elementary steps 
and 26 variable species concentrations (Gyorgyi, 1990). Field, Koros, and Noyes (1972) 
formulated a simplified model, focussing on the steps giving rise to the oscillations in 
the B-Z reaction, containing eleven chemical reactions among twelve chemical species. 
The reactions are split between three concurrent (and at times competing) processes. 
This is known as the FKN mechanism. By combining pool chemical approximations 
with pseudo steady-state approximations Fields and Noye (1974) further simplified to 
obtain a system of three non-linear differential equations, known as the Oregonator 
model (see table 1). This is the central dynamical model t  simulate the B-Z reaction.  
 
 
Table 1: The Oregonator scheme. The representation used in the table is as follows 
(Tyson, 1994, p.576): ][ 2HBrOX =  (hypobromous acid), ][
−= BrY  (bromide), 
)]([ IVCeZ =  (cerium-4), ][ 3
−= BrOA  (bromate), ][OrgB =  (organic species) and 
][ HOBrP = . 
 Reaction Rate Constant 
(O1) PXYA +→+  2
33 ][
+= Hkk R  
(O2) PYX 2→+  ][22
+= Hkk R  
(O3) ZXXA 22 +→+  ][55
+= Hkk R  
(O4) PAX +→2  
44 Rkk =  
(O5) fYZB 2/1→+  BZk0  
 
 
Dimensional equations 
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The model equations for the case when the reaction is carried out in a well-stirred batch 
reactor are given by the system of nonlinear ordinary differential equations: 
)1(2 24523 XkAXkXYkAYkdt
dX −+−=
  
 
)2(
2
1
023 BZfkXYkAYkdt
dY +−−=  
)3(.2 05 BZkAYkdt
dZ −=
 
(Note that the rate constants in Table 1 include concentration terms that do not appear in 
equations (1-3). These concentrations are assumed to be constant. The concentrations A 
and B are also assumed to be constant.) 
 
Dimensionless equations 
Tyson (1979) introduced the scaling 0/ XXxa = , 0/YYya = , 0/ ZZza =  and 0/Tt=τ  
where 450 2/ kAkX = , 250 / kAkY = , BkkAkZ 04
2
50 /)(=  and BkT 00 /1= . 
Using this scaling we obtain the dimensionless system 
)4(),1( aaaaa
a xxyxqy
d
dx −+−=
τ
ε
 
)5(,aaaa
a fzyxqy
d
dy +−−=
τ
γ  
)6(.aa
a zx
d
dz −=
τ
 
There are three dimensionless parameters in these equations (ε ,γ  and q ). These 
parameters are defined in table 2. The first and second of these depend on the ratio of 
the initial concentration of organic species and bromate ion (B/A). The third of these, q  
is independent of these concentration and of [ ]+H .   
 
Table 2: Typical values for the scaled parameters (G ay & Scot 1994). Note that the 
values for the rate constants 1k , 2k  & 3k  depend linearly upon the [ ]+H   concentration 
whilst that for 0k  depends quadratically upon this concentration. 
 
Parameter Value Reference 
 
 
Ak
Bk
5
0=ε  2104 −×  (Gray and Scot 1994)  
 
Akk
Bkk
52
402=γ  4104 −×  (Gray and Scot 1994) 
 
52
432
kk
kk
q =  4108 −×  (Gray and Scot 1994)  
 
 
A further pseudo steady-state approximation can be made because the value of γ  is 
small. Thus  
A. Msmali, M. Nelson 
 
 4
)7(.
a
a
a xq
fz
y
+
=  
(Chemically, this means that the bromide ion concentration adjusts rapidly to the 
instantaneous composition of the reaction mixture.) This gives a two-variable system  
)8(),,(
)(
)1( aa
a
aa
aa
a zxg
xq
xqfz
xx
d
dx =
+
−+−=
τ
ε
)9().,( aaaa
a zxhZX
dt
dZ =−=
 
Imperfect mixing equations 
 
 
The model equations for an isothermal chemical process carried out in a batch reactor 
with perfect mixing can be written in the generic manner.  
                                           
)10().(Wf
dt
dW =  
In these equations nW ℜ∈  is the concentration of the n chemical species that take part 
in the process and the function )(Wf  models the chemical reactions. 
 
A two-parameter mixing model for this system is given by (Tanner et al, 1985, 1987; 
Robinson et al, 1988) 
)11(,
)1(
)(
)(
s
ba
a
a XXXf
dt
dX
ε
δ
−
−+=
  )12(.
)1(
)(
)(
s
ba
b
b XXXf
dt
dX
ε
δ
−
−−=  
In these equations aX  and bX  are the concentrations of the n chemical species in the 
aerated region and the stagnant region of the batch reactor respectively, δ  is the mixing 
parameter and sε  is the size of the stagnant region. 
 
NUMERICS 
 
The path-following software Auto 97 was used from within the XPP package 
(Ermentrout, 2002) to obtain the steady-state diagrams. In these the standard 
representation is used; solid lines are stable steady states; dotted lines are unstable 
steady-states; squares are Hopf bifurcation points; open circles are unstable periodic 
orbits and filled-in circles are stable periodic soluti ns. The primary bifurcation is the 
stoichiometric factor (f ). Possible secondary bifurcation parameters include the 
chemical parameter (ε ), and the incomplete mixing parameters (δ ) and ( sε ). The  
parameters (q  & γ ) remain fixed at the value in table 2.  
 
RESULTS  
 
Perfect Mixing 
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Figure 1 shows the steady-state diagram for the scaled concentration of hypobromous 
acid as a function of the stoichiometric factor (f ). There is always a unique steady-
state solution. The important feature of this diagram is the occurrence of two Hopf 
bifurcation points at the parameters values (0.522616, 0.479128) and (2.33805, 
0.00199162). 
 
 
Fihure 1: Steady-state diagram for a perfectly mixed reactor showing the Hopf 
bifurcation points and the periodic solution. 
   
 
This shows that the system exhibits stable limit cycle behaviour if f  is between the 
values [0.52262, 2.33805]. 
Figure 2 is an unfolding diagram for the Hopf bifurcation points shown in figure 1. It 
shows the value of the primary bifurcation parameter f  at the Hopf bifurcation points 
as the parameter ε  is varied.  
 
 
Figure 2. Unfolding diagram showing the Hopf bifurcation locus as a function of the 
parameter (ε ) for the steady-state diagram shown in figure 1. 
 
 
The region over which periodic behaviour is exhibited is approximated by the region 
between the two Hopf bifurcation points. (If the Hopf bifurcation is subcritical periodic 
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solutions may exist in a small parameter region either to the left or the right of the curve 
in addition to existing under the curve).  The unfolding diagram shows that this region 
reduces as the value of epsilon is increased. When epsilon i  larger than the critical 
value 888.0=crε  at which 028.1=crf  there are no Hopf bifurcations and accordingly 
no periodic behavior. Mathematically, the critical value of epsilon corresponds to a 
‘double Hopf point’ (because two Hopf bifurcations collide at the critical value). 
Figures 1 and 2 are well known (Gray & Scot 1994). 
 
Non-ideal mixing model 
Figure 3 shows a steady-state diagram for the scaled concentration of hypobromous acid 
as a function of the stoichiometric factor (f ) for an imperfectly mixed system. This 
figure is very similarly to that of the perfectly mixed figure, the only difference being 
the addition of two Hopf bifurcation points along the unstable part of the steady-state 
locus at the locations ( τ,aX ) = (0.775, 0.229691) and (1.553785, 0.00365973). The 
periodic solutions associated with these points are unstable. In what follows we refer to 
the `outer’ and `inner’ Hopf bifurcation points as the `perfect mixing’ and `incomplete 
mixing’ Hopf bifurcation points respectively. 
 
 
Figure 3: Steady-state diagram showing the Hopf bifurcation points and the periodic 
solution for a system subject to imperfect mixing. Parameters: 3.0=Sε , 1.0=δ . 
 
 
Figure 4 is an unfolding diagram for the Hopf bifurcation points in figure 3. It shows the 
value of the parameter f  at the Hopf bifurcation point as the parameter ε  is varied.  
There are now two critical values for the parameter psilon. At 888.01, == crεε  where 
028.1=f  the two middle Hopf bifurcations, associated with incomplete mixing, are 
destroyed. At .27902, == crεε  028.1=f  the outer Hopf bifurcations, associated with 
complete mixing, are destroyed.  Note that the critical value for epsilon for the perfect 
mixing Hopf bifurcation points is the same for both the perfect and the imperfectly 
mixed reactor models. 
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Figure 4:  Unfolding diagram showing the Hopf bifurcation locus as a function of the 
scaled ratio of initial conditions (ε ) for an imperfectly mixed reactor. Parameters: 
3.0=Sε , 1.0=δ . 
 
 
Figure 5 is an unfolding diagram in which the unfolding parameter is the degree of 
mixing between the two regions. The location of the `p rfect mixing’ Hopf bifurcation 
points are insensitive to the value of the mixing parameter. As will be explained in the 
discussion section, the location of the Hopf bifurcation points when 0=δ   
(corresponding to a dead volume model) are identical o their location when ∞=δ   
(corresponding to perfect mixing). The unfolding diagram shows that the `incomplete 
mixing’ Hopf bifurcation points only exist if the mixing parameter is sufficiently small. 
At the critical value 171.0max == δδ  these disappear at a ‘double Hopf point’. 
 
 
Figure 5. Unfolding diagram associated with figure 3. There are four Hopf point if 
maxδδ <  and two if maxδδ > .  
 
 
Figure 6 shows the variation of the critical value of the mixing parameter (maxδ ) with 
the size of the stagnant region (Sε ). The degenerate double-hopf point does not exist if 
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the size of the stagnant region is below a critical value, 143.0, =crSε . This means that 
there are no incomplete mixing Hopf bifurcation points below this value.  
 
 
Figure 6. Variation of the value of the mixing parameter a which the Hopf bifurcation 
points associated with incomplete mixing disappear (maxδ ) [the double-Hopf point 
locus] with the size of the stagnant regionSε . 
 
 
Figure 7 shows the variation of the critical value of the scaled initial conditions (maxε ) 
with the size of the stagnant region (Sε ). We again see that if Sε  is below a critical 
value, 143.0=Sε , that there are no imperfect mixing Hopf bifurcation points.  
 
Figure 7. Variation of the value of the scaled ratio of initial conditions ( maxε )  at which 
the Hopf bifurcation points associated with incomplete mixing disappear [double-Hopf 
locus] with the size of the stagnant region Sε . Parameter: .1.0=δ  
 
DISCUSSION 
 
When there is no mixing between the two regions ( 0=δ ) the two-parameter mixing 
model reduces to a dead-volume model. The equations in the agitated region are the 
A. Msmali, M. Nelson 
 
 9
same as those in the perfect mixing model. Therefore the be aviour of the models are 
identical in this limit. Similarly, in the limit that the mixing parameter (δ ) approaches 
infinity the model equations for the two-parameter mixing model reduces to the perfect 
mixing model. The behaviour of the models are again identical. Thus the steady-state 
diagram of the dead volume model ( 0=δ ) is identical to that of the perfectly mixed 
reactor ( ∞=δ ).  
It is clear that if the vector WW ˆ=  is a steady-state of the generic perfect mixing model 
Eqn (10) then the vector WXX ba ˆ==  is a steady-state of the imperfect mixing model 
Eqn (11 & 12). The numerical solutions suggests that in this model imperfect mixing 
does not create additional steady-state solutions, but we have been unable to establish 
this rigorously.  
Our numerical results suggest that if the steady-state solution Ŵ  is stable (unstable) for 
the perfect mixing model then the corresponding solution for the imperfect mixing 
model is also stable (unstable). They also suggest that if Ŵ  is a Hopf bifurcation in the 
perfect mixing model then it is a Hopf bifurcation point in the imperfect mixing model. 
These points need to be analysed further.  
We have seen that under conditions of imperfect mixing two new Hopf bifurcation 
points can be created. For the parameter values used her  these new bifurcation points 
do not change the stability of the steady-state solutions. It is of interest to establish if 
this is always true as otherwise the imperfect mixing Hopf bifurcation points offer the 
possibility of stabilizing some component of the stady-state locus that is unstable in the 
perfect mixing model. 
 
CONCLUSION  
 
We have explored the behavior of the B-Z reaction in a batch-reactor using a two-
parameter mixing model. It is clear that a steady-state solution of the perfect mixing 
model must be a steady-state solution of the imperfect mixing model, but we have not 
been able to show that these are the only steady-stte olutions. Conditions of very poor 
mixing have been found to lead to the creation of an addition two Hopf bifurcation 
points on the steady-state diagram, for the parameter values used here the associated 
limit cycles were found to be unstable. The numerical results have also raised a number 
of interesting theoretical questions that have yet to be answered. 
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APPENDIX  
 
 
A
 
][ 3
−= BrO , bromate
 2
k
 
rate constant 
B
 
][Org= , organic species 3k  
rate constant
 
P
 
][HOBr= , 
 0
k
 rate constant 
X
 
][ 2HBrO= , hypobromous acid        ax  0/ XX= , dimensionless of hypobromous acid 
Y
 
][ −= Br , bromide                
 a
y
 0
/YY= , dimensionless of bromide
 
Z
 
)]([ IVCe= , cerium-4 az  0/ ZZ= , dimensionless of cerium-4 
aX  
the concentrations of the n chemical species in the 
areatated region δ  the mixing parameter 
bX  
the concentrations of the n chemical species in the 
stagnant region
 
maxδ the maximum value of the mixing parameter 
0X  45 2/ kAk=  ε  scaled value of initial condition 
0Y  25 / kAk=  1,crε  
critical value for ε  where the two Hopf 
bifurcations,  associated with incomplete mixing, 
are destroyed
 
0Z  BkkAk 04
2
5 /)(=  2,crε  
the outer Hopf bifurcations, associated with 
complete mixing, are destroyed 
0T  Bk0/1=  crε  
critical value for ε  where no Hopf bifurcations     
and no periodic behaviour for ideal mixing model.
 
f
 
stoichiometric factor maxε  Maximum scaled ratio of initial condition 
crf  critical stoichiometric factor S
ε
 
the size of the stagnant region
 
q
 yield parameter 
γ
 yield parameter 
1k  rate constant 
τ
 0/Tt= , dimensionless of the residence time 
